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ON SPECTRAL ANALYSIS OF NON-MONIC
MATRIX AND OPERATOR POLYNOMIALS, II.
DEPENDENCE ON THE FINITE SPECTRAL DATA

BY
I. GOHBERG AND L. RODMAN

ABSTRACT

This paper studies the dependence of matrix polynomials on the finite spectral
data, i.e., the spectrum at infinity is not taken into account. A description and
classification of right divisors based only on the finite part of the spectrum is also
given.

Introduction

This paper is a continuation of the earlier paper [3] and is based on the results
obtained there. In [3], matrix polynomials were studied via the complete spectral
data (including the spectral data at infinity). This paper studies the influence of
the spectral structure at finite points only.

The main definitions and notations from [3] are maintained in this paper.
Some of them are reviewed briefly for the convenience of the reader in the next
section.

§1. Preliminaries

Let L(A)=1+Z]_,A’A; be a comonic matrix polynomial with n X n matrix
coefficients A;. An admissible pair of matrices (X J5') with n X p matrix X and
p X p invertible Jordan matrix J5, is called a finite canonical pair for L (A), if the
following conditions hold:

a) p is the degree of detL(A);

b) XJF+AXJTE '+ -+ AXe =0

¢) rank col(X:J )6 = p,

where, as usual, col(XrJ )2 denotes the column matrix
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XF]}_?’+1

In view of theorem 1.1 of [4] and theorem 3.1 of [3], every finite part of a
canonical pair for L(A) (as defined in [3]) is a finite canonical pair for L(A) (as
defined here). The converse is also true (as one can see from the results of §4 of
[3]), so the use of the same notation (X5, J£') for both things is justified.

We shall also use the following definitions and notations: a ¢ X p matrix A™ is
said to be a generalized inverse for a given p X q matrix A, if A” satisfies the
equations AA*A = A,and ATAA™ = A”. Note that for any direct complement
Q. of Ker A in C, and any direct complement Q, of Im A in C,, there exists a
generalized inverse A" such that InA* = Q, and KerA* = Q,. An admissible
pair of matrices (X, T) is called I-independent if Ker[col(XT'™");.,] ={0}. If
W,, .-+, W, are subspaces in C,, then col(W,);_, will denote the subspace in C,,
consisting of x = col(x;)j-, with x, € W, for j =1,2,---,L

§2. Comonic polynomials with a given finite canonical pair
We begin with a preliminary lemma.

Lemma 2.1. Let (X, T) be an I-independent admissible pair with an invertible
matrix T. Then there exists a sequence of subspaces C, 2 W, 2 -+ - D W, such that

(2.1) col( W, )i, + Im(col (XT""")._,) = C....

Proor. We shall construct a sequence of subspaces C., 2 W, 2 -2 W, such
that

(242) COI("‘/,‘);:I( +1 'i‘ Im COl(XTj—l)]I'=k+1 = Cn(l—k)

for k=0,---,1-1.

Let W, be a direct complement of Im X7 = Im X in C,. Then (2.2) holds for
k =1-1. Suppose that W..,D--- 2 W, are already constructed so that (2.2)
holds for k =i---,1-1 It is then easy to check that col(Z)j-.N
Imcol(XT'"")i.,={0}, where Z, =W, for k=i+1,---,1, and Z = W,.,.
Hence, the sum

S =col(Z)}.1+ Imcol (XT' ™)\,
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is a direct sum. Let Q be a direct complement of KerA in C,q-, where
A = col(XT'")j-is1. Let A" be a generalized inverse of A such that ImA* = Q
and Ker A = col(W,);..... Let P be the projector on Ker A along Q. Thus

23y s§= {(y +XT'Pz + XT'A +x>
X

YE Wi ,x ECuiy, 2 EC:},

where r is the order of the admissible pair (X, T), i.e. the size of T.
Indeed, if x € C.q-y, then by the assumption of induction, x = Az, + x,,
where 2, € Q and x; € col(W,)|...,. Hence

<XT‘"‘A*x) _ (XT"“A*(A:,+x1)) _ (XT‘"‘zl) s (0)
X A21+x1 Az] X1 )

From the definition of § it follows that

i—1 +
(XT xA x)e S

For any z €C, , also

XT"'Pz\ _ (XT""'Pz
( 0 )‘( APz )ES’

and clearly
y
(5)es

for any y € W,.,. The inclusion D in (2.3) thus follows. To check the converse

inclusion, take y € Wiy, x, € col(W,);-i: and z €C,. Then

(xy]) + (X:_l) z= (xy,) + (XZ‘H) [Pz +(I - P)z]

- (2)+ (75 P+ (T30

=)+ (o ) (T L2

(the last equality follows from A “x,=0and I - P = A*A), and (2.3) is proved.
Now, let Y be a direct complement of W..;+ImXT''P in C,. Then from

(2.3) we obtain
S+ (g) = Cn(:-s+1)>

and so we can put W, = W, + Y. Q.E.D.
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Note that dim W, = k,_, for i = 1, - - -, [, where k; are the so-called k-indices of
(X, T). We remind the reader of the definitions of k- and of the s-indices of
(X, T), which were introduced in [4]): ki=n+qiio,—q for i =0,---,1-1,
where ¢, = rank col(XT’);~;fori = 1and g, =0;s fori =0, 1, - - is the number
of integers ko, ki, -+ -, k;-, which are larger than i.

Lemma 2.1 leads to the following definition. Let (X, T') be an /-independent
admissible pair. A left inverse V of col(XT'')_, is called special if
\% | col(W,)j-, = 0, where the sequence of subspaces C, D W; D --- 2D W, is taken
from Lemma 2.1.

Now, let (Xs J5') be an [-independent admissible pair of order r such that J7'
is the inverse of a Jordan matrix J. The following theorem gives a construction
of a comonic polynomial such that (X5, J&') is its finite canonical pair.

THEOREM 2.1. The minimal degree of a comonic polynomial L(A) such that
(Xr, J&) is its finite canonical pair, is equal to the minimal | such that (Xg, J5') is
l-independent. One such polynomial is given by the formula

LA )=1-XeJF (VA" + -+ ViA),
where V = (V,, -+, V}) is a special left inverse of col(X<J#);~6. The infinite part
(X.,J.) of a canonical pair for Li(A) has the form

X.=(x0--0x,0--+0---x,0---0),
Jm:diag(wa)’le:” ',pr),

where J..; is a nilpotent Jordan block of size s;, and s = - - - Z s, are the s-indices of
(Xe T5).

Proor. Let (Xr, J7') be a finite canonical pair of some comonic polynomial
L(A). Then (see theorem 3.1 [3]) (X5 J7') is a part of a standard pair for the
monic polynomial A™L(A "), where m is the degree of L (A). Therefore, (Xs, J7')
is m-independent, and the first assertion of the theorem follows.

We now prove that Ly(A) has (Xg JF') as its finite canonical pair. Let
LA)=A'Lo(A™)=A'"T= X JF(Vi+ -+ + VA'™). In view of theorem 3.1 [3], it
is sufficient to prove that (Xy, J=') is a part of a standard pair for L(A). But this
was already proved in lemma 7.1 [4].

In order to study the structure of (X., J.), it is convenient to consider the
companion matrix
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0 I 0 0 ]
0 0 I 0
C=
0 0 0 - I§
| XV, XJFV, SR ST

of L(A). The subspace W =col(W,)j_, is C-invariant, because CW =
col(W,.)i-;C W (by definition Wi, ={0}). The equality C -[col(XsJF);=0] =
[col(XrJ¥)iZb]) - J¥' shows that the subspace @ =Imcol(XsJF)Zt is also C-
invariant. It is clear that C , W is nilpotent, and C |® is invertible. Let
ko= k,=--- = k,_, be the k-indices of (X¢, J5'). Let z{’,- -+, z{) _,, be a basis in
W, modulo W, fori =1, -, [ (by definition k, = 0). Then it is easy to see that
forj=1,--- ki —k,

001(511’2?’));==1, 001(82p Z§i)):;=], ) 001(8"? Z}i)):,=1

is a Jordan chain of C corresponding to the eigenvalue 0, of length i. Taking into
account the definition of the s-indices and the connection between the Jordan
chains of C and the Jordan chains of L (A) (see for example section 2 in [2]), we
see that (X.,J.) has the structure described in the theorem.

The following corollary gives a description of all the comonic matrix polyno-
mials for which (Xg J5') is a finite canonical pair.

COROLLARY 2.1. A comonic matrix polynomial L(A) has (Xg J5') as its finite
canonical pair if and only if L(A) admits the following representation .

L(A)=U()- Lo(d),

where Lo(A\) =1 — XeJ & (ViA' + -+ -+ VA), (Vi -+ V1) is a special left inverse of
col(XeJF)i-1, and U(A) is a comonic matrix polynomial with constant
determinant.

That is an immediate corollary of Theorem 2.1 and theorem 5.1 of [3].

§3. Matrix polynomials of minimal degree

In the preceding section, we solved the problem of reconstructing a comonic
polynomial, given its finite canonical pair (Xg, J7'). Clearly, there are many
comonic polynomials of minimal degree with the same (X, J 7'), which differ by
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their spectral data at infinity. In this section, we give a description of all possible
Jordan structures at infinity for such polynomials.

We remind the reader that the Jordan structure at infinity of a comonic
polynomial L(A) is described by the infinite canonical pair (X.,J.) of L(A),
where the columns of X.. form a canonical set of eigenvectors and generalized
eigenvectors at infinity for A~'L(A) (I is the degree of L(A)), and J. is the
corresponding nilpotent Jordan matrix.

THeOREM 3.1. Let (X J:') be an admissible pair of order r with invertible
Jordan matrix Jr. Let | be the smallest positive integer such that (Xs J5') is
l-independent. If (XrJ%') is a finite canonical pair of a comonic matrix
polynomial L (A) of degree I, and (X.,J.) is its infinite canonical pair, then the
sizes py Z p. Z - - + Z p, of the Jordan blocks in J.. satisfy the following conditions :

i i
3.1) SpzD sy for j=1,2,-v;
i=1 i=1
3.2) Sp=nl-r,
i=1
where sy, 51, -, are the s-indices of (Xg, J¥').

Conversely, if for some positive integers p, = p, = - - - Z p,, the conditions (3.1),
(3.2) are satisfied, then there exists a comonic matrix polynomial L(A) of degree |
such that L(A) has a canonical pair of the form (XeX.), J5' 6 J.), where I.. is a
nilpotent Jordan matrix with Jordan blocks of sizes p,, - -, p..

Proor. The proof of this theorem is based heavily on theorem 0.1 [4]. We first
prove the necessity of conditions (3.1) and (3.2). Let L(A)=A'L(A7") be the
monic polynomial of degree [, and let (X,J) be its standard pair. In view of
theorem 3.1 [3], (Xk, JF') is similar to the part of (X,J) corresponding to the
non-zero eigenvalues of L(A), and (X.,J.) is similar to the part of (X,J)
corresponding to the eigenvalue 0. Applying theorem 0.1 [4] we obtain ine-
qualities (3.1) and (3.2).

Conversely, suppose p:=---Z p, are given such that (3.1) and (3.2) hold.
Applying corollary 3.1 [4] we find an admissible pair (X.,J.) such that
co(XeJ# ' X.J ") -, is invertible, where J.. is a nilpotent Jordan matrix with the
dimensions of its Jordan blocks equal to p,,---,p.. Let L(A) be a monic
polynomial of degree ! with standard pair (XrX..), J7' @ J.). In view of theorem
3.1 [3], the comonic polynomial L(A)= A'L(A7") is the desired one.

Now let L(A) be a matrix polynomial with discrete spectrum and let r be the
degree of det L(A). An admissible pair (X, J) of eigenvectors and generalized
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eigenvectors of L(A) consists of an n X r matrix X, the columns of which form a
canonical set of eigenvectors and generalized eigenvectors of L(A) (in finite
points only), and of the corresponding r X r Jordan matrix J.

THEOREM 3.2. Let L(A) be a matrix polynomial of degree | and let o €
C\o(L). Then there exists a matrix polynomial L,(A) with o(L,) = {a} such that
Li(A)L(A) is a monic polynomial of degree . The partial multiplicitiesp, = - - - =
p. of L(A) satisfy (3.1) and (3.2), where so, 51, - are the s-indices of an
admissible pair (X, J¢) of eigenvectors and generalized eigenvectors of L(A), and
r is the degree of detL(A).

Conversely, if (3.1) and (3.2) are satisfied for some positive integers p, = -+ - =
p., then there exists a matrix polynomial L.(A) with o(L,)={a} such that
D1, " * *, p» are its partial multiplicities and L,(A)L(A) is a monic polynomial of
degree 4.

This theorem will be proved in the next section.

§4. The structure of right divisors

Let L(A) be a comonic matrix polynomial, and let (Xg J7') be its finite
canonical pair. In this section, we establish the connection between right
comonic divisors of L(A) and Je-invariant subspaces.

THEOREM 4.1. Let A be a Je-invariant subspace, and let my=
min{m =1 | (Xr|A,J5'|A) is m-independent}. Then a comonic polynomial
LaA)=I—(Xe |A)-(Je™|A) - (Vid™+ -+ V1),
where (V- -+ V.,.,) is a special left inverse of col((Xr | A) (Jr | AY7*N)2,, is a right
divisor of L()A). Conversely, for every comonic right divisor L,(A) of L(A) there

exists a unique Je-invariant subspace A such that Li(A)= U(A)LA(A), where
U(A) is an everywhere invertible matrix polynomial.

Proor. We first prove that L,(A) is a right divisor of L (A) for any Je-invariant

subspace A.
Let I, and I, be positive integers which satisfy the following condition:

@® Ker col (X lA) “(Jr ,A)_"J’1 ,l-'=1 = {0};
(ii) r—nl,=dimA,

where r is the degree of det L(A);
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def

(iii) I =1+ 1,z degree(L(A)).

The pair (X& J&') is I-independent (in view of (iii)). Using corollary 3.1 of [4], it
is easy to see that there exists an admissible pair (X, Jo) with nilpotent Jordan
matrix Jo such that col(X=J "' X,J5™");-, is square and invertible, and for some
Jo-invariant subspace 0,

col(Xe [ AU | A7 (Xo] ©) (| ©) )y

is square and invertible. For example, one can choose J, as a single Jordan block
of size nl —r. Let L(A) be the monic polynomial of degree ! defined by the
standard pair ((XrXo),J5' €D Jo). Then (theorem 8 of [2]) there exists a right
monic divisor L (1) of degree I, of L(A), corresponding to the subspace A + ©:
L(A)= Ly (A)Li(1), where the monic polynomial L,(A) is of degree I,. Define
comonic polynomials M(A)=A'L(A7"), M A)=A"L,(A7"), and M,y(\)=
A2L,(A7"). Then

4.1) M(A) = My(A)M,(A),

and the finite canonical pairs of M(A) and M,(A) are similar to (Xr, J&') and
(Xe IA, J l A) respectively. Now from Theorem 2.1 it follows that
(Xr IA, JE l A) is also similar to a finite canonical pair of LA(A). Using (4.1) and
theorem 5.1 of [3], we see that L,(A) is indeed a right divisor of L(A). These
arguments also serve to prove the converse statement of the theorem.

The comonic right divisors of L (A) corresponding to a Je-invariant subspace
A, will be called the divisors generated by A, and A is their generating subspace.

Let us now make some remarks connected with Theorem 4.1. The equation
(4.1) shows that there exists a divisor L,(A) generated by A of degree = I, such
that the degree of L(A) Li'(A) is = l,, whenever the conditions (i), (ii), and (iii)
hold. Two divisors are generated by A if and only if they have the same Jordan
chains corresponding to the same eigenvalues. An admissible pair of eigenvec-
tors and generalized eigenvectors for any divisor generated by A is similar to the
restriction (Xr f A Je | A). It is possible to extend Theorem 4.1 to the case where
L(A) has a discrete spectrum (by shifting the argument A — A + a).

Using Theorem 2.1 and the proof of Theorem 4.1, we obtain the following
corollary.

CoroLLARY 4.1. The minimal degree of a right comonic divisor of L())
generated by A is min{m = 1|Ker[col (Xr [ A) (Je | A7) = {0}) if A # {0},
and zero if A ={0}.
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It is possible to formulate conditions for the divisibility of matrix polynomials
in terms of their spectral data. The following theorem gives one such possible
formulation.

THEOREM 4.2. Let M,(A) and My(A) be matrix polynomials with discrete
spectrum. Then M(A) is a right divisor of Mx(A) if and only if every Jordan chain
of My(A) is at the same time a Jordan chain of M,(X) corresponding to the same
eigenvalue.

Proor. If My(A) is a right divisor of M»(A), then one can verify directly that
every Jordan chain of M,(A) is a Jordan chain of M,(A) corresponding to the
same eigenvalue. »

Suppose now that every Jordan chain of M;(A) is a Jordan chain of M»(A)
corresponding to the same eigenvalue. Without loss of generality we can assume
that M;(A) and M,(A) are comonic. Let (Xir, Jir) and (Xug, Jor) be admissible
pairs of eigenvectors and generalized eigenvectors of M,(A) and Mx(A) respec-
tively. Then the conditions of the theorem imply that (Xir, J1#) is similar to the
restriction (Xzr IA,JZF IA), where A is a Jye-invariant subspace.

Indeed, without loss of generality, we can suppose that M;(A) and M,(A) have
the same degree. From the linearization (1) of [3}, it follows that every Jordan
chain of M,(A) is a Jordan chain of M,(A) corresponding to the same eigenvalue
if and only if the same is true for I — AR, and I — AR,, where R, and R, are the
companion matrices of M,(A) and M:(A ) respectively. Moveover, we can restrict
ourselves to the case M,(A)=1-AR,, and M,(A)=1I—- AR,. The assertion
should now be clear.

Let N(A) be a right divisor of M»(A) which is generated by A. Then N(A) and
M,(A) have the same Jordan chains and therefore (see theorem 5.1 of [3])
N(A)=U(A)-M(A) for some everywhere invertible matrix polynomial U(A).
Thus M, (A) is a right divisor of M,(A).

Proor or THEOREM 3.2. We first prove the existence of L{A). Note that the
s-indices of (Xr Jr — al) do not depend on the choice of a € C. Therefore,
without loss of generality, we can suppose that Jr is invertible and that L(A) is
comonic.

Let | be the degree of L(A). In view of corollary 3.1 of [4], there exists an
admissible pair (Xo, Jo), where J, is a Jordan matrix with o(J,) = {a}, such that
the matrix col(XrJ5'XoJ} ')-, is square and invertible. Let Ly(A) be the monic
polynomial of degree [ the standard pair of which is ((XeXo), Jr P Jo).

In view of Theorem 4.2, Lo(A)= M(A)L(A) for some matrix polynomial
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M(X). Since the multiplicity of every eigenvalue (except a) of L(A)and Lo(A) is
the same, o(M)={a}. From corollary 3.1 of [4], it should be clear (upon
repeating the above arguments) that the converse statement of Theorem 3.2
holds true also.

§5. The quotient and classes of divisors

Let L(A) be a comonic matrix polynomial of degree =1/ and with degree
(det L(A)) = r. In this section, we study the degrees of the right divisors L (A ) of
L()) together with the degrees of the quotients L{A)Li'(A).

Let (Xs J5') be a finite canonical pair of L(A). Let A be a Je-invariant
subspace of C,. As was shown in §4, the minimal possible degree of a right
divisor of L(A) which is generated by A is

m,=min{m Z 1|Ker[col(Xr | A) - (Je | A) )] = {0}}.

The minimal degree of the quotient Lo(A) = L(A)L7'(A), where L(A) runs over
the set of all right divisors of L (1) of degree m,, which are generated by A, is

m, = [max(degree L(A)— m,,(r —dimA)-n7")],

where [x ] denotes the smallest integer which is larger than or equal to x. Indeed,
m, is the smallest integer such that the conditions (ii) and (iii) of §4 hold. It
follows from the proof of Theorem 4.1 that, among all the right divisors of
degree m, which are generated by A, there exists a matrix polynomial L;(A) such
that the degree of L(A).L7'(A)is = m,. From the same proof it is also clear that
m, is minimal.

Let Div(l, I,) be the set of all the right divisors of L(A) of degree =1, such
that the degree of the quotient is = I,. We say that two divisors M(A) and M,(A)
of L(A) belong to the same class if M,(A)= U(A)M,(A) for some everywhere
invertible matrix polynomial U(A). From the results of §4, it follows that M,(A)
and M,(A) belong to the same class if and only if their generating subspaces
coincide (by definition the generating subspace of M,(A) is the generating
subspace of the comonic divisor M7(0) M,(A)). In [3], the following problem
was mentioned: when does the set Div (I,, I,) contain a representative from every
class of divisors? A partial answer was given: if [,,l, are big enough, then
Div (I, I,) contains a representative from every class of divisors. In this section,
we give a complete answer.

Let v be the smallest positive integer such that Ker [col (XaJF ');-1] = {0}. Then
Div (y,[rn""}) contains a representation from every class of right divisors of L (A).
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Conversely, if for some I, I, the set Div(l,, I;) contains a representative from
every class of right divisors of L(A), then ,Z v, L=[m™].

To check these statements, choose I, = », | Z v+ [rn"'] in conditions (i), (ii)
and (iii) of §4. Then these conditions are satisfied for every Je-invariant subspace
A. Thus every Je-invariant subspace is a generating subspace of some divisor
from Div(y,[rn"]). Since any two divisors generated by the same subspace,
belong to the same class, we see that Div(y,[rn"']) contains a representative
from each class.

Suppose now that Div(l,, ;) contains a representative from each class of
divisors. Then conditions (i) and (ii) hold for every Je-invariant subspace A. In
particular, taking A = O in (ii) and A = C, in (i), we obtain ,Z rn"'and |, = .

ExamrLE 5.1. To illustrate the theory consider the following example. Let

Loy= (0\ J(; v (A i‘1)2>'

Then a finite canonical pair (Xg, J=') of L(A) is given by the formulas

100 1 0 -1 -1 -1 1 -1
Xp=< ), Ji' = 0 -1 —1)@ )
000 -8 -4 0 0 -1 0 1

We compute the divisors generated by the Je-invariant subspace A spanned by
the vectors (10000), (01000)", (00010)". We have:

10 1 -1 -1 0
Xe|A = , J& A= 0 -1 0}.
00 -8 0 01

The columns of

1 0 1

Xe |A 0 o0 -8
[XFIA-J;‘IA] N TP
0 0 -8

are independent, and a special left inverse is

- 1 -
1 0 0 3
2
1

0 0 0 -5 |
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Therefore,

(A+17 AR
I- (X |A) TR A (VA + V2A)=( )

0 A—1

and the general form of a right comonic divisor generated by A is

(A+12 A2
u-\ o A=1/"

where U(A) is matrix polynomial with U(0) =TI and det U(A)=1.
The set Div (3,3) contains a representative from every class of right divisors of
L(A) (inourcase t =5, n=2, v=3).

§6. Spectral divisors

Let L(A) be an n X n matrix polynomial with discrete spectrum of degree = /.
A point A € Cis regular for L(A)if A& o (L). Let I’ be a contour in the complex
plane consisting only of regular points for L (A). A right (left) divisor M()) of
L(A) is called I'-spectral if o(M) is inside T and o(LM™") (c(M'L)) is out-
side T

For every contour I', consisting only of regular points for L (A), there exist a
I'-spectral right divisor and a I'-spectral left divisor. Indeed, we can suppose that
L(A) is a comonic polynomial. Let (X5 J5') be its finite canonical pair. Let

A= Iméﬁfr (AI = J:) " dA.
Then any right comonic divisor M(A) of L(A) which is generated by A is
[-spectral (because the number of roots of det M(A) is equal to the number of
roots of det L(A) inside I'). Note that the converse is also true, i.e. if M(A)is a
I'-spectral right comonic divisor of L(A), then M(A) is generated by A. The
existence of a I'-spectral left divisor of L{A) can be proved analogously.

THEOREM 6.1. Let T" be a contour consisting only of regular points of L (), such
that L(A) has eigenvalues inside T'. Let aZ o(L) be a complex number lying
outside I'. Then the smallest possible degree of a T-spectral right divisor of L (A) is
equal to the smallest integer j = 1 for which

1 .
rankzm. L col (2 @ L7'(A))eor dA
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is maximal, where
Q=((rA—-a) ™ "A—-a) ™ ?--(A—a)™).

Proor. Let L(A) be the monic polynomial of degree [ such that
L'a)-L(A)=(A-a)-L(A-a)"). Let I={(A—a)*|A ET}. Then for a
given integer j,

f (A —a)L'(A)dA = —j )F’”’i“(A)d)\ L (a),
r r
and therefore

] 0w )l ot )
rankcol(zm.fr Q. LY(A)dA k=1—rankcol i f(bk QL (A)dr oy
where @, =(A*7"A*---A""*?) for k =1,2,---. Let (Q, T,R) be a standard

triple of L(A). Then (cf. the proof of theorem 2.1 [1])
o i ‘
col (2_:,-7 f D, ®L‘1(A)d)\> = col(Q: T+ (R, TiR,--- T\'Ry),
r =1

where (Q,, Ty, R,) is the part of (Q, T, R) corresponding to the eigenvalues of
L(A) lying inside T'.

Let s be the number of zeroes of det L () inside I (counting multiplicities).
Since zero is outside T, det L(A) has exactly s zeroes inside I'. Therefore,

_ 1 i
A=Im(R,T.R,--- T! 'R1)=Im[§777fr (A -T) ‘dA]

is an s-dimensional subspace, and
1 .
rankzm.fr col (% @ L' (A)).~,dA
is maximal if and only if
Ker col (Q: TH), 2 = Ker col (Q(T | A)* Y2, = {0}.

In view of Corollary 4.1, the last condition is equivalent to the existence of a
I'-spectral right divisor of L(A) of degree j. Q.E.D.
Taking transposes, we obtain the following result.

THEOREM 6.2. Under the conditions of Theorem 6.1, the smallest possible
degree of a I'-spectral left divisor of L (A) is equal to the smallest integer j = 1, for
which
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rank > fr W QL(A)- ¥, QL'(A))dA

is maximal, where ¥, = col((A — a)"™*7);.,.

Note that the condition that a be outside I' is crucial in Theorems 6.1 and 6.2.
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